Einstein-Dirac theory on gauge-natural bundles by Matteucci, Paolo
ar
X
iv
:g
r-q
c/
02
01
07
9v
2 
 1
4 
Se
p 
20
03
Einstein-Dirac theory on gauge-natural bundles
Paolo Matteucci∗
14th September 2003
Abstract
We present a clear-cut example of the importance of the functorial approach of gauge-
natural bundles and the general theory of Lie derivatives for classical field theory, where the
sole correct geometrical formulation of Einstein (-Cartan) gravity coupled with Dirac fields
gives rise to an unexpected indeterminacy in the concept of conserved quantities.
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Introduction
It is commonly accepted nowadays that the appropriate mathematical arena for classical field
theory is that of fibre bundles or, more precisely, of their jet prolongations [1, 45, 39, 19]. What is
less often realized or stressed is that, in physics, fibre bundles are always considered together with
some special class of morphisms, i.e. as elements of a particular category. The category of natural
bundles was introduced about thirty years ago [33, 38, 43, 28] and proved to be an extremely fruitful
concept in differential geometry [35, 9, 25, 8, 32]. But it was not until recently, when a suitable
generalization was introduced, that of gauge-natural bundles [7, 28], that the relevance of this
functorial approach to physical applications began to be clearly perceived [12, 21, 10, 13, 22, 15, 14].
Indeed, every classical field theory can be regarded as taking place on some jet prolongation of
some gauge-natural (vector or affine) bundle associated with some principal bundle over a given
base manifold [7, 28, 10].
On the other hand, it is well known that one of the most powerful tools of Lagrangian field
theory is the so-called “Noether theorem” [34, 28, 19]. It turns out that, when phrased in modern
geometrical terms, this theorem crucially involves the concept of a Lie derivative, and here is where
the aforementioned functorial approach is not only useful, but also intrinsically unavoidable. On
relying on the general theory of Lie derivatives [44, 24, 28, 11, 20], it is easy to see that the concept
of Lie differentiation is, crucially, a category-dependent one, and it makes a real difference in taking
the Lie derivative of, say, a vector field if one regards the tangent bundle as a purely natural bundle
or, alternatively, as a more general gauge-natural bundle associated with some suitable principal
bundle (cf. [20]).
In this paper, we show that this functorial approach is essential for a correct geometrical
formulation of the Einstein (-Cartan) -Dirac theory and, at the same time, yields an unexpected
indeterminacy in the concept of conserved quantities. In the Einstein-Cartan-Dirac case, such
an indeterminacy can be regarded as the well-known indeterminacy which occurs in gauge theory
[34, 19, 10, 2], although there are serious conceptual risks involved in dismissing this “metric-
affine” theory of gravitation as a standard “gauge theory” [45, 19]. This is certainly not the case,
though, for the Einstein-Dirac theory proper, which can by no means be viewed as such. We shall
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show that, in both cases, this indeterminacy actually arises from the very fact that, when coupled
with Dirac fields, Einstein’s general relativity can no longer be regarded as a purely natural theory
because, in order to incorporate spinors, one must enlarge the class of morphisms of the theory.
Indeed, it is well-known that there are no representations of the group GL(4,R) of the au-
tomorphisms of R4 which behave like spinors under the subgroup of Lorentz transformations.
Therefore, if one aims at considering the coupling between general relativity and fermionic fields,
one is forced to resort to the so-called “tetrad formalism” (cf., e.g., [47]). Yet, there seems to have
been a widespread misunderstanding of the full mathematical (and physical) significance of this.
Leaving all the technicalities to the later sections, it will suffice here to sketchily recall how the
concept of a tetrad is usually introduced.
On relying on the “principle of equivalence”, which mathematically is tantamount to the simple
statement that every manifold is locally flat, at every point x˜ of space-time one can erect a set
of coordinates (Xa) that are locally inertial at x˜. The components of the metric in any general
non-inertial coordinate system are then1
gµν(x) = θ
a
µ(x)θ
b
ν(x)ηab, (i)
where ‖ηab‖ := diag(1,−1,−1,−1) and
θaµ(x˜) :=
∂Xa(x)
∂xµ
∣∣∣∣
x=x˜
, (ii)
Thus, if we change our general non-inertial coordinates from (xµ) to (x′µ), θaµ will change accord-
ing to the rule
θaµ 7→ θ
′a
µ =
∂xν
∂x′µ
θaν . (iii)
Therefore, (θaµ) must be regarded as the components of four 1-forms (θ
a), not of a single tensor
field θ. This set of four 1-forms is what is known as a tetrad.
At this stage, the Latin index a is just a “label” and, for any a, θa is indeed a natural object,
i.e., roughly speaking, a section of a fibre bundle over the space-time manifold M such that every
coordinate change on the fibre is induced by some coordinate change on M . But the reason why
a tetrad was introduced in the first place is precisely that we then wanted to “switch on” that
Latin index in order to incorporate spinors into our formalism. This means that θaµ will have to
additionally change according to the rule
θaµ(x) 7→ L
a
b(x)θ
b
µ(x), (iv)
where L(x) is the (space-time-dependent) Lorentz transformation induced (modulo a sign) by a
given spinorial transformation S under the group epimorphism Λ: Spin(1, 3)e → SO(1, 3)e.
This is precisely the point that has been too often overlooked. Unlike (iii), transformation
law (iv) does not descend from definition (ii), but is a requirement we have imposed a posteriori.
In other words, we have changed the definition of θaµ in such a way that now (θ
a
µ) must be
regarded as the components of a non-natural object θ.
There is another important point that has been traditionally overlooked, which is of pre-
eminent physical significance. Recall, indeed, that spinor fields can be defined on a manifold M
only if M admits a “spin structure”. Now, the standard definition of a spin structure involves
fixing a metric on M , a framework which is certainly well-suited to a situation in which the
gravitational field is considered unaffected by spinors, but is otherwise unable to describe the
complete interaction and feedback between gravity and spinor fields [46, 41]. To this end, the
concept of a free spin structure must be introduced.
Ultimately, the solution to both the aforementioned problems lies in suitably defining the
bundle of which θ is to be a section. This leads to the concept of a spin-tetrad, which turns out
to be a gauge-natural object [12, 21, 22].
1Here and in the sequel both Latin and Greek indices range from 0 to 3.
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In the hope of making the paper understandable to both physicists and mathematicians, we
have tried to make it as self-contained as possible. Its structure is the following: in §1 preliminary
notions on jets, principal bundle morphisms and Clifford algebras are recalled for the main purpose
of fixing our notation. In §2 gauge-natural bundles and a generalized notion of a Lie derivative are
introduced. In §3 a version of Noether’s theorem suitable for gauge-natural bundles is given. In
§4 the concepts of a spin-tetrad and a spin-connection are defined. Finally, in §5 we briefly recall
the Lagrangian formulation of the Einstein (-Cartan) -Dirac theory and, on applying the theory
of conserved quantities, find a general superpotential, which essentially proves the aforementioned
indeterminacy of any conserved charge associated with the gravitational field.
1 Preliminaries and notation
Throughout the paper, we shall assume that all maps are smooth, i.e. of class C∞, and all manifolds
are real, finite-dimensional, Hausdorff, second-countable and, hence, paracompact.
1.1 Jets
We assume that the reader is familiar with the standard concepts and language of differential ge-
ometry on fibred manifolds, jet prolongation theory and calculus of variations on fibred manifolds.
Standard references are [39, 28, 19].
Let π : B → M be a fibred manifold. We shall denote by Γ(B) the space of all its (local)
sections and set m := dimM and n := dimB −m. On B we shall use fibred charts (V, xλ, ya),
λ = 0, . . . ,m− 1, a = 1, . . . , n, where V is an open subset of B projecting on the domain U of a
chart (U, xλ) of M . If π′ : M ′ → B′ is another fibred manifold, by a fibred (manifold) morphism
between B and B′ we shall mean a pair (ϕ,Φ), where ϕ ∈ C∞(M,M ′), Φ ∈ C∞(B,B′) and
π′ ◦ Φ = ϕ ◦ π. In particular, a base-preserving (fibred) morphism from B to B′ will be a fibred
morphism between B and B′ for which M ′ ≡M and ϕ ≡ idM .
Recall that two curves γ, δ : R → M are said to have contact of order k at zero if, for every
smooth function ϕ : M → R, all derivatives up to order k of the difference ϕ ◦ γ − ϕ ◦ δ vanish
at 0 ∈ R. Two maps f, g : M → N are then said to determine the same k-jet at x ∈ M if, for
every curve γ : R→ M with γ(0) = x, the curves f ◦ γ and g ◦ γ have contact of order k at zero,
and we shall write jkxf = j
k
xg. In particular, let π : B → M be a fibred manifold: the set J
kB
of all k-jets of its local sections has a natural topology of a fibred manifold over M , denoted by
πk : JkB →M and called the k-th order jet prolongation of π : B →M . If π : B →M is a bundle,
so is πk : JkB → M . Its holonomic sections are called k-th order jet prolongations of sections of
π : B →M and will be denoted by jkσ for any given σ ∈ Γ(B). The adapted fibred chart on JkB
induced by the chart (V, xλ, ya) on B will be denoted by (JkV, xλ, yaµ), where µ is a multi-index
of length |µ| such that 0 6 |µ| 6 k. Moreover, we shall set ∂λ := ∂/∂x
λ, ∂a
µ := ∂/∂yaµ and
J0B := B, as customary.
Let F(B) denote the ring of smooth, real-valued functions over B. We define an F(B)-
submodule Ωp0(B) of the module Ω
p(B) of p-forms over B according to the following prescription:
ω ∈ Ωp0(B) iff Υ ω = 0 for any vertical vector field Υ on B (i.e. any vector field Υ such that
Tπ ◦ Υ = 0), ‘ ’ denoting the interior product. The elements of Ωp0(B) are called horizontal
p-forms (on B) and are in one-to-one correspondence with the base-preserving morphisms from B
to
∧p
T ∗M . Furthermore, we say that ω ∈ Ωp(JkB) is a contact p-form iff (jkσ)∗ω = 0 for all
local section σ of B.
Now, let πkh : J
kB → JhB, k > h, be the canonical projection. Recall that for any p-form
ω ∈ Ωp(JkB), p 6 m, there exists a unique invariant decomposition
(πk+1k )
∗ω = h(ω) + k(ω)
into its horizontal part h(ω) ∈ Ωp0(J
k+1B) and contact part k(ω) ∈ Ωp(Jk+1B). In particular,
given a function f ∈ F(JkB), in any fibred chart we have h(df) := dµf dx
µ, where dµf denotes
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the formal or total (coordinate) derivative of f , defined by requiring
(dµf) ◦ j
k+1σ = ∂µ(f ◦ j
kσ)
for all σ ∈ Γ(B). We shall also write dµ, 1 6 |µ| 6 k, for dµk · · ·dµ1 . Analogously, we define the
horizontal differential dHω of any form ω ∈ Ω
p(JkB) by requiring
(jk+1σ)∗dHω = (j
kσ)∗dω ≡ d[(jkσ)∗ω]
for all σ ∈ Γ(B).
1.2 Principal bundle morphisms
For the reader’s convenience, we recall herein some basic ideas on principal bundle morphisms (cf.,
e.g., [27]).
Let P (M,G) be a principal (fibre) bundle. A (principal) automorphism of P is a G-equivariant
diffeomorphism of P onto itself, i.e. a diffeomorphism Φ: P → P such that Φ(u · a) = Φ(u) · a for
all u ∈ P and a ∈ G, ‘·’ denoting the canonical right action of G on P . We shall denote by Aut(P )
the group of all automorphisms of P .
Now, let Ξ be a vector field on P generating a one-parameter group {Φt}. Then, Ξ is called
G-invariant if Φt is an automorphism of P for all t ∈ R.
Owing to G-equivariance, each automorphism Φ ∈ Aut(P ) induces a unique diffeomorphism
ϕ : M → M such that π ◦ Φ = ϕ ◦ π, π denoting the canonical projection of P on M . Then it
follows immediately that every G-invariant vector field Ξ on P is projectable over a unique vector
field ξ on the base manifold M , i.e. Tπ ◦ Ξ = ξ ◦ π.
1.3 Clifford algebra, γ matrices and spin group
The Clifford algebra Cℓ(V ) on a (real) vector space V equipped with a scalar product (u, v) 7→
g(u, v) is an associative algebra such that there exists a linear map γ from V into a subset of Cℓ(V )
generating Cℓ(V ) and satisfying the property
γ(u)γ(v) + γ(v)γ(u) = −2g(u, v)e,
e denoting the unit element of Cℓ(V ). The Clifford algebra on an m-dimensional vector space
has dimension 2m. It can be realized by an algebra of linear maps of a complex vector space of
dimension 2I(m/2) into itself, I(m/2) denoting the integral part of m/2.
By γ matrices we shall mean a set of m such linear maps, represented by matrices, associated
with the vectors of an orthonormal frame of V .
If we denote by (ηab) the components of g in such a frame, then the γ matrices, which we shall
denote by (γa), satisfy the fundamental relation
γaγb + γbγa = −2ηab, (1.1)
where the identity matrix is implied on the right-hand side. We shall also define
γa1...ak :=
1
k!
γ[a1 · · · γak].
In fact, it turns out that we need to consider only antisymmetrized products. This is because, on
applying (1.1) iteratively, we find
γaγb = γab − ηab,
γaγbγc = γabc − ηabγc − ηbcγa + ηcaγb,
and so forth. Moreover, substituting the former into the latter relation yields
γabγc + γcγab = 2γabc, (1.2)
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an identity which will prove useful later on.
Henceforth, V will be assumed to be 4-dimensional and g will have signature (1, 3). Therefore,
‖ηab‖ = diag(1,−1,−1,−1). Furthermore, it can be shown that the γ matrices satisfy the following
[anti] Hermiticity properties:
γ†a =
{
−γa if a = 0,
γa if a = 1, 2, 3,
(1.3)
‘†’ denoting transposition and complex conjugation. From (1.1) and (1.3) it follows immediately
that
γ0γaγ
−1
0 = −γ
†
a.
Finally, by the spin group Spin(1, 3) we shall mean the subgroup of GL(4,C) consisting of
those elements S such that there exists an L ∈ SO(1, 3) satisfying
SγaS
−1 = La
bγb, (1.4a)
L ≡ ‖La
b‖, and such that
det(S) = 1. (1.4b)
Relations (1.4) define an epimorphism from Spin(1, 3) onto SO(1, 3). It can be shown that
Spin(1, 3) [Spin(1, 3)e] is the twofold covering of SO(1, 3) [SO(1, 3)e], the superscript e denoting
the connected component with the unit. In particular, Spin(1, 3)e is simply connected.
2 Gauge-natural bundles
The concept of a gauge-natural bundle was originally introduced by Eck in [7]. As we have
applications in mind, in this section we shall follow a constructive approach along the lines of
[28], notably §15 and §52.4. An (equivalent) axiomatic formulation can be found again in [28,
Chapter XII].
Definition 2.1. The set
{ jk0α | α : R
m → Rm, α(0) = 0, locally invertible }
equipped with the jet composition jk0α◦j
k
0α
′ := jk0 (α◦α
′) is a Lie group called the k-th differential
group and denoted by Gkm.
For k = 1 we have, of course, the identification G1m
∼= GL(m,R).
Definition 2.2. Let M be an m-dimensional manifold. The principal bundle over M with group
Gkm is called the k-th order frame bundle over M and will be denoted by L
kM .
For k = 1 we have, of course, the identification L1M ∼= LM , where LM is the usual (principal)
bundle of linear frames over M (cf., e.g., [27]).
Definition 2.3. Let G be a Lie group. Then, by the space of (m,h)-velocities of G we shall mean
the set
T hmG := { j
h
0 a | a : R
m → G }.
Thus, T hmG denotes the set of h-jets with “source” at the origin 0 ∈ R
m and “target” in G, and
can be given the structure of a (Lie) group. Indeed, let S, T ∈ T hnG be any elements. We define a
(smooth) multiplication in T hmG by:
T hmµ : T
h
mG× T
h
mG→ T
h
mG, (S = j
h
0 a, T = j
h
0 b) 7→ S · T := j
h
0 (a · b),
where (a · b)(x) := a(x) · b(x) ≡ µ(a(x), b(x)) is the group multiplication in G. The mapping
(S, T ) 7→ S · T is associative; moreover, the element jh0 e, e denoting both the unit element in G
and the constant mapping from Rn onto e, is the unit element of T hnG, and j
h
0 a
−1, where a−1(x) :=(
a(x)
)−1
(the inversion being taken in the group G), is the inverse of jh0 a.
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Definition 2.4. Consider a principal bundle P (M,G). Let k and h be two natural numbers such
that k > h. Then, by the (k, h)-principal prolongation of P we shall mean the bundle
W k,hP := LkM ×M J
hP, (2.1)
JhP denoting the h-th order jet prolongation of P . A point of W k,hP is of the form (jk0 ǫ, j
h
xσ),
where ǫ : Rm →M is locally invertible with ǫ(0) = x, and σ : M → P is a local section around the
point x ∈M .
Unlike JhP , W k,hP is a principal bundle over M , and its structure group is
W k,hm G := G
k
m ⋊ T
h
mG.
W k,hm G is called the (m; k, h)-principal prolongation of G. The group multiplication on W
k,h
m G is
defined by the following rule:
(jk0α, j
h
0 a)⊙ (j
k
0β, j
h
0 b) :=
(
jk0 (α ◦ β), j
h
0
(
(a ◦ β) · b
))
,
‘·’ denoting the group multiplication in G. The right action of W k,hm G on W
k,hP is then defined
by:
(jk0 ǫ, j
h
xσ)⊙ (j
k
0α, j
h
0 a) :=
(
jk0 (ǫ ◦ α), j
h
x
(
σ · (a ◦ α−1 ◦ ǫ−1)
))
,
‘·’ denoting now the canonical right action of G on P .
In the case h = 0, we have a direct product of Lie groups W k,0m G := G
k
m × G and the usual
fibred product W k,0P ≡ LkM ×M P of principal bundles.
Remark 2.1. When h = k, the functor W k,k is often simply written W k.
Definition 2.5. Let Φ: P → P be an automorphism over a diffeomorphism ϕ : M → M (cf.
§1.2). We define an automorphism of W k,hP associated with Φ by
W k,hΦ: W k,hP →W k,hP, (jk0 ǫ, j
h
xσ) 7→
(
jk0 (ϕ ◦ ǫ), j
h
x(Φ ◦ σ ◦ ϕ
−1)
)
. (2.2)
Proposition 2.1. The bundle morphism W k,hΦ preserves the right action, thereby being a prin-
cipal automorphism.
By virtue of (2.1) and (2.2) W k,h turns out to be a functor from the category of principal
G-bundles over m-dimensional manifolds and local isomorphisms to the category of principal
W k,hm G-bundles [28]. Now, let Pλ :=W
k,hP ×λF be a fibre bundle associated with P (M,G) via an
action λ ofW k,hm G on a manifold F . There exists a canonical representation of the automorphisms
of P induced by (2.2). Indeed, if Φ: P → P is an automorphism over a diffeomorphism ϕ : M →M ,
then we can define the corresponding induced automorphism Φλ as
Φλ : Pλ → Pλ, Φλ : [u, f ]λ 7→ [W
k,hΦ(u), f ]λ (2.3)
which is well-defined since it turns out to be independent of the representative (u, f), u ∈ P ,
f ∈ F . This construction yields a functor ·λ from the category of principal G-bundles to the
category of fibred manifolds and fibre-respecting mappings.
Definition 2.6. A gauge-natural bundle of order (k, h) over M associated with P (M,G) is any
such functor.
If we now restrict attention to the case G = {e} and h = 0, we can recover the classical notion
of natural bundles over M . In particular, we have the following
Definition 2.7. Let ϕ : M → M be a diffeomorphism. We define an automorphism of LkM
associated with ϕ, called its natural lift (onto LkM), by
Lkϕ : LkM → LkM, Lkϕ : jk0 ǫ 7→ j
k
0 (ϕ ◦ ǫ).
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Then, Lk turns out to be a functor from the category of m-dimensional manifolds and local
diffeomorphisms to the category of principal Gkm-bundles. Now, given any fibre bundle associated
with LkM and any diffeomorphism onM , we can define a corresponding induced automorphism in
the usual fashion. This construction yields a functor from the category ofm-dimensional manifolds
to the category of fibred manifolds.
Definition 2.8. A natural bundle of order k over M is any such functor.
Remark 2.2. In the sequel we shall always assume that LkM is equipped with the principal
bundle structure naturally induced by the differentiable structure of the base manifold M , i.e.
that LkM itself is a natural bundle over M . This is, of course, possible because we can always
identify a principal bundle P (M,G) with its associated bundle Pλ := P ×λ G, where λ is the left
action of G on itself.
Now, if Ξ is a G-invariant vector field on P generating a one-parameter group {Φt} of au-
tomorphisms of P and projecting on a vector field ξ on M (cf. §1.2), we can define the induced
vector field Ξλ on Pλ simply by setting
Ξλ :=
∂
∂t
(Φt)λ
∣∣∣∣
t=0
,
which obviously projects on the same vector field ξ on M . Now, on relying on the general theory
of Lie derivatives [44, 24, 28, 20], we can give the following
Definition 2.9. Let Pλ be a gauge-natural bundle associated with some principal bundle P (M,G),
Ξ a G-invariant vector field on P projecting on a vector field ξ on M , and σ : M → Pλ a section
of Pλ. Then, by the generalized (gauge-natural) Lie derivative of σ with respect to Ξ we shall
mean the map
£Ξσ : M → VPλ, £Ξσ := Tσ ◦ ξ − Ξλ ◦ σ, (2.4)
VPλ denoting the vertical (tangent) bundle of Pλ.
Definition 2.9 is the conceptually natural generalization of the classical notion of a Lie derivative
[48], to which it suitably reduces when applied to natural objects. The “formal” counterpart of£Ξσ
is defined in the usual way.
Definition 2.10. Let Pλ, Ξ and σ be as above. We call formal generalized Lie derivative the
global bundle morphism £Ξy : J
1Pλ → VPλ intrinsically defined as
£Ξy ◦ j
1σ = £Ξσ,
where £Ξσ is the Lie derivative of σ in the sense of Definition 2.9.
Of course, if Pλ is a gauge-natural vector or affine bundle (which is always the case in classical
field theory), then its vertical bundle splits as VPλ ∼= Pλ×M Pλ or VPλ ∼= Pλ×M ~Pλ, respectively,
~Pλ being the vector bundle on which the affine bundle Pλ is modelled. In this case, we can give
the following
Definition 2.11. Let Pλ be a gauge-natural vector or affine bundle associated with some principal
bundle P (M,G), and let Ξ and σ be as in Definition 2.9. Then, by the (restricted gauge-natural)
Lie derivative of σ with respect to Ξ we shall mean the second component of £Ξσ. Analogously,
we shall call formal (restricted) Lie derivative the second component of £Ξy.
In the sequel, we shall not formally distinguish between generalized and restricted Lie deriva-
tives, as it should be clear from the context which is the operator under actual consideration.
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3 Noether theorem and conserved quantities
LetM be an m-dimensional (orientable) manifold. By a k-th order Lagrangian on a gauge-natural
bundle Pλ, associated with some principal bundle P (M,G), we shall mean a base-preserving
morphism
L : JkPλ →
∧m
T ∗M (3.1)
or, equivalently, a horizontal m-form L ∈ Ωm0 (J
kPλ). Locally, L(j
ky) reads
L(xλ, yaµ) = L(x
λ, yaµ) ds
for some scalar density L on JkPλ, ds ≡ dx
0∧dx1∧· · ·∧dxm−1 denoting the local volume element
on M . Then we have the following result (cf., e.g., [28]).
Proposition 3.1. There exist a global morphism F(L) : J2k−1Pλ → V
∗Jk−1Pλ ⊗
∧m−1
T ∗M and
a unique global morphism E(L) : J2kPλ → V
∗Pλ ⊗
∧mT ∗M such that
(π2kk )
∗〈dL, JkΥ〉 = 〈E(L),Υ〉+ dH〈F(L), J
k−1Υ〉 (3.2)
for any vertical vector field Υ on Pλ.
2 Locally,
E(L) =

 ∂L
∂ya
+
∑
16|µ|6k
(−1)|µ| dµ
∂L
∂yaµ

 d¯ya ⊗ ds,
{d¯ya} denoting the fibre basis of V ∗Pλ := (VPλ)
∗ defined by requiring 〈d¯ya, ∂b〉 = δ
a
b.
Classically, (π2kk )
∗〈dL, JkΥ〉 is denoted by δL, a notation we shall use ourselves when there is
no danger of confusion, and identity (3.2) is known as the first variation formula. E(L) is called
the Euler-Lagrange morphism, while F(L) is known as the Poincare´-Cartan morphism. It is not
uniquely determined and depends in general on a linear connection on M . In the case k = 1, 2,
though, this dependence disappears and F(L) locally reads
F(L) =
[(
∂L
∂yaµ
− (k − 1)dν
∂L
∂yaµν
)
d¯ya + (k − 1)
∂L
∂yaµν
d¯yaν
]
⊗ dsµ,
where dsµ stands for ∂µ ds and d¯y
a
ν is defined by requiring 〈d¯y
a
ν , ∂b
ρ〉 = δabδ
ρ
ν .
Definition 3.1. A configuration bundle automorphism (ϕ,Φλ), i.e. an automorphism Φλ of Pλ
induced by an automorphism Φ of P over a diffeomorphism ϕ : M →M , is called a (Lagrangian)
symmetry for Lagrangian (3.1) if it leaves L unchanged, i.e. if
∧m
T ∗ϕ ◦ L ◦ j1Φλ = L.
Clearly, the infinitesimal version of Definition 3.1 is the following.
Definition 3.2. A vector field Ξλ generating a one-parameter group {(Φt)λ} of symmetries is
called an infinitesimal (Lagrangian) symmetry.
Definition 3.3. Let Aut(Pλ) denote the group of all induced automorphisms of Pλ. We shall say
that a k-th order Lagrangian on Pλ is Aut(Pλ)-invariant if any induced automorphism of Pλ is a
symmetry (and any induced vector field on Pλ is an infinitesimal symmetry).
Definition 3.4. A k-th order Lagrangian field theory on a gauge-natural bundle Pλ is a field
theory where the fields are represented by (local) sections of Pλ and the equations of motion can
be formally written as
E(L) ◦ j2kσ = 0 (3.3)
2The use of the horizontal differential in (3.2) is justified by the one-to-one correspondence between horizontal
forms and base-preserving morphisms mentioned in §1.1.
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for some suitable Aut(Pλ)-invariant k-th order Lagrangian L on Pλ and some section σ ∈ Γ(Pλ).
Pλ is called the configuration bundle of the theory, P its structure bundle and σ a critical section
of Pλ, whereas (the local expression of) equation (3.3) is known as the Euler-Lagrange equations.
Whenever an identity holds only modulo equation (3.3), we shall say that it holds “on shell” and
use the symbol ‘≈’ instead of the equals sign. In particular, we shall write equation (3.3) itself
simply as E(L) ≈ 0.
All known classical Lagrangian field theories such as classical mechanics, elasticity, gravita-
tional field theories (including, in particular, Einstein’s general relativity and the Einstein-Cartan
theory), electromagnetism, the Yang-Mills theory, bosonic and fermionic matter field theories,
topological field theories—as well as all their possible mutual couplings—are Lagrangian field
theories on some suitable gauge-natural (vector or affine) bundle [7, 28, 10].
Proposition 3.2. Let Ξλ be a vector field on Pλ induced by a G-invariant vector field Ξ on P
projecting on a vector field ξ on M , and L an Aut(Pλ)-invariant k-th order Lagrangian on Pλ.
Then,
〈dL, Jk£Ξy〉 = dH(ξ L). (3.4)
Proof. The result readily follows from Definition 3.2 and the properties of the formal Lie derivative,
taking into account the isomorphism JkVPλ ∼= V J
kPλ.
Identity (3.4) is known as the fundamental identity. Combining (3.2) and (3.4) we get
dHE(L,Ξ) =W (L,Ξ), (3.5)
where we set
E(L,Ξ) := 〈F(L), Jk−1£Ξy〉 − ξ L (3.6)
and
W (L,Ξ) := −〈E(L),£Ξy〉.
E(L,Ξ) is called the Noether current and W (L,Ξ) the work form. Formula (3.5) is the general-
ization of Noether’s theorem [34] to the geometric framework of jet prolongations of gauge-natural
bundles. Indeed, if we define
E(L,Ξ, σ) := (j2k−1σ)∗E(L,Ξ),
W (L,Ξ, σ) := (j2kσ)∗W (L,Ξ),
we have
dE(L,Ξ, σ) =W (L,Ξ, σ)
and, whenever σ is a critical section,
dE(L,Ξ, σ) = 0. (3.7)
Thus, given an infinitesimal Lagrangian symmetry Ξ, we have a whole class of currents E(L,Ξ, σ)
(one for each solution σ), which are closed (m − 1)-forms on M . We stress that the Noether
current E(L,Ξ) is defined at the bundle level and is canonically associated with the Lagrangian L.
It is only at a later stage that it is evaluated on a section σ : M → Pλ, thereby giving E(L,Ξ, σ).
Since E(L,Ξ, σ) is an (m − 1)-form on M , it can be integrated over an (m − 1)-dimensional
region Σ, namely a compact submanifold Σ →֒M with boundary ∂Σ.
Definition 3.5. The real functional
QΣ(L,Ξ, σ) :=
∫
Σ
E(L,Ξ, σ) (3.8)
is called the conserved quantity (or charge) along σ with respect to the infinitesimal symmetry Ξ
and the region Σ.
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Indeed, if σ is a critical section, and two compact (m − 1)-submanifolds Σ,Σ′ →֒ M form the
homological boundary ∂D of a compact m-dimensional domain D ⊆ M , from (3.8), Stokes’s
theorem and (3.7) we readily obtain
QΣ′(L,Ξ, σ) = QΣ(L,Ξ, σ).
Since E(L,Ξ, σ) is closed on shell, in field theories where m > 1 we may ask ourselves whether
it is also exact, i.e. whether there exists an (m− 2)-form U(L,Ξ, σ) on M such that
E(L,Ξ, σ) = dU(L,Ξ, σ). (3.9)
If this happens to be the case, then we can express QΣ(L,Ξ, σ) as an (m− 2)-dimensional integral
over the boundary ∂Σ of Σ. Indeed, on using (3.9) and Stokes’s theorem, we have
QΣ(L,Ξ, σ) =
∫
∂Σ
U(L,Ξ, σ). (3.10)
Actually, it is possible to prove the following fundamental
Theorem 3.1. The Noether current is exact on shell for all gauge-natural field theories, regardless
of the topology of M [10]3.
We stress that this important result can only be achieved since Noether’s theorem has been
formulated in terms of fibred morphisms rather than directly in terms of forms on M . Notably,
we shall give the following
Definition 3.6. If the Noether current E(L,Ξ) can be written as
E(L,Ξ) = E˜(L,Ξ) + dHU(L,Ξ), (3.11)
where E˜(L,Ξ, σ) := (j2k−1σ)∗E˜(L,Ξ) vanishes for any critical section σ, then we shall call E˜(L,Ξ)
and U(L,Ξ) the reduced current and the superpotential associated with L, respectively. Whenever
the splitting (3.11) holds, then it is immediate to see that U(L,Ξ, σ) := (j2k−1σ)∗U(L,Ξ) satisfies
equation (3.9) for any critical section σ.
Of course, neither Noether currents nor superpotentials are unique: the former are defined
modulo exact (m−1)-forms, the latter modulo closed (m−2)-forms. What is physically meaningful,
though, are the conserved quantities, which only depend on the cohomology class, not on the chosen
representative.
Finally, one might be interested in what happens to Noether currents and superpotentials (and,
hence, to the conserved quantities) when the Lagrangian of the theory is replaced by an equivalent
one. We recall that two Lagrangians L and L′ are said to be equivalent if E(L) = E(L′). Owing to
linearity, this is tantamount to saying that two Lagrangians are equivalent if they differ from each
other by a (variationally) trivial Lagrangian, i.e. a Lagrangian whose Euler-Lagrange morphism
is identically zero. The issue of finding all trivial Lagrangians represents one of the most difficult
problems of the geometric calculus of variations and, in the k-th order case, was only recently
solved by Krupka and Musilova´ [30]. In the present context, their result can be rephrased as
follows.
Theorem 3.2. Two k-th order Lagrangians L and L′ on a gauge-natural bundle Pλ are equivalent
iff, locally, they differ from each other by the horizontal part of the exterior differential of an
(m− 1)-form χ on Jk−1Pλ.
Therefore, if L′ := L+ h(dχ) and we set β := h(χ), we readily find
E(L′,Ξ) = E(L,Ξ) +£JkΞβ − ξ dHβ.
But β ∈ Ωm−10 (J
kPλ); accordingly, £JkΞβ = £ξβ ≡ ξ dHβ + dH(ξ β), whence
E˜(L′,Ξ) = E˜(L,Ξ),
U(L′,Ξ) = U(L,Ξ) + ξ β. (3.12)
3The proof closely follows the analogous one for natural field theories due to Robutti [37] (see also [17, 18]).
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4 Spin-tetrads, spin-connections and spinors
To the best of our knowledge, the concept of a “free spin structure” was originally introduced (with
a different purpose) in [36] (see also [42]). It was then rediscovered in [46] for the very reason
mentioned in the Introduction and further analysed in [12, 13]. The notion of a “spin-tetrad” as
a section of a suitable gauge-natural bundle over M was first proposed in [12].
Definition 4.1. Let M be a 4-dimensional manifold admitting Lorentzian metrics of signature
−2, i.e. satisfying the topological requirements which ensure the existence on it of Lorentzian
structures [SO(1, 3)e-reductions], and let Λ be the epimorphism which exhibits Spin(1, 3)e as the
twofold covering of SO(1, 3)e. A free spin structure onM consists of a principal bundle π : Σ→M
with structure group Spin(1, 3)e and a map Λ˜ : Σ→ LM such that
Λ˜ ◦ rS = r′(ι◦Λ)(S) ◦ Λ˜ ∀S ∈ Spin(1, 3)e,
π′ ◦ Λ˜ = π,
r and r′ denoting the canonical right actions on Σ and LM , respectively, ι : SO(1, 3)e → GL(4,R)
the canonical injection of Lie groups, and π′ : LM → M the canonical projection. We shall call
the bundle map Λ˜ a spin-frame on Σ.
This definition of a spin structure induces metrics on M . Indeed, given a spin-frame Λ˜ : Σ→ LM ,
we can define a metric g via the reduced subbundle SO(M, g) := Λ˜(Σ) of LM . In other words,
the (dynamic) metric g ≡ gΛ˜ is defined to be the metric such that frames in Λ˜(Σ) ⊂ LM are
g-orthonormal frames. It is important to stress that in our picture the metric g is built up
a posteriori, after a spin-frame has been determined by the field equations in a way which is
compatible with the (free) spin structure one has used to define spinors.
Now, if we want to regard spin-frames as dynamical variables in a Lagrangian field theory,
we should be able to represent them as (global) sections of a suitable configuration bundle. This
motivates the following
Definition 4.2. Let Λ be as in Definition 4.1 and consider the following left action of the group
W 1,04 Spin(1, 3)
e on the manifold GL(4,R)
ρ :
(
(A,S), θ
)
7→ θ′ := Λ(S) ◦ θ ◦A−1
together with the associated bundle Σρ := W
1,0Σ ×ρ GL(4,R). Σρ is a fibre bundle associated
withW 1,0Σ, i.e. a gauge-natural bundle of order (1, 0). A section of Σρ will be called a spin-tetrad.
If (θaµ) denote the components of a spin-tetrad θ in some local chart, then the components (gµν)
of the induced metric g in the associated chart read
gµν ≡ θ
a
µθ
b
νηab, (4.1)
formally identical with equation (i) of the Introduction, but with both (iii) and (iv) built in.
Recall now that a (principal) connection on a principal bundle P (M,G) may be regarded as
a G-equivariant global section of the affine jet bundle J1P → P , where the G-action on J1P
is induced by the first jet prolongation of the canonical (right) action of G on P . Owing to
G-equivariance there is a one-to-one correspondence between principal connections and global
sections of the quotient bundle J1P/G→M (cf. [28, 19]). Bearing this in mind, we can give
Definition 4.3. Let so(1, 3) ∼= spin(1, 3) denote the Lie algebra of SO(1, 3)e and consider the
following left action of the group W 1,14 Spin(1, 3)
e ∼= GL(4,R)× Spin(1, 3)e ⋊
(
(R4)∗ ⊗ so(1, 3)
)
on
the vector space (R4)∗ ⊗ so(1, 3)
ℓ :
(
(A,S, Sˆ), ω
)
7→ ω′ := AdΛ(S)
(
ω − Λˆ(Sˆ)
)
◦A−1,
where Ad denotes the adjoint representation of SO(1, 3)e, and Λˆ := id ⊗ TeΛ the isomorphism
between (R4)∗ ⊗ spin(1, 3) and (R4)∗ ⊗ so(1, 3) induced by Λ. Clearly, the associated bun-
dle Σℓ := W
1,1Σ ×ℓ
(
(R4)∗ ⊗ so(1, 3)
)
is a gauge-natural bundle of order (1, 1) isomorphic to
J1(Σ/Z2)/SO(1, 3)
e. A section of Σℓ will be called a spin-connection.
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Note that also spinors can be regarded as sections of a suitable gauge-natural bundle over M .
Indeed, if γˆ is the linear representation of Spin(1, 3)e on the vector space C4 induced by the given
choice of γ matrices, then the associated vector bundle Σγˆ := Σ×γˆ C
4 is a gauge-natural bundle
of order (0, 0) whose sections represent spinors (or, more precisely, spin-vector fields). Therefore,
in spite of what is usually believed, a Lie derivative for spinors (in the sense of Definition 2.9)
always exists, no matter what the vector field ξ on M is (cf. [11, 20]).
Finally, for the sake of completeness, we shall recall that the Dirac adjoint ψ¯ of a spinor ψ is
defined as the adjoint of ψ with respect to the standard Spin(1, 3)e-invariant scalar product on C4
(see, e.g., [5]). With our conventions, ψ¯ locally reads
ψ¯(x) = ψ†(x)γ0
for all x ∈ M . Note also that, in our picture, the spinor connection ω˜ corresponding to a given
spin-connection ω may be defined in terms of ω as
ω˜ :=
(
id⊗ (Λ′)−1
)
(ω),
Λ′ := TeΛ denoting the Lie algebra isomorphism between spin(1, 3) and so(1, 3). On differentiat-
ing (1.4a) and taking (1.4b) into account, we find that (Λ′)−1(l) is given by4
(Λ′)−1(l) ≡ −
1
4
labγab
for all l ≡ (lac =: l
abηbc) ∈ so(1, 3). Therefore, the components (ω˜µ) of ω˜ read
ω˜µ ≡ −
1
4
ωabµγab, (4.2)
(ωacµ =: ω
ab
µηbc) denoting the components of ω. Identity (4.2) is what is used in practice for
evaluating the covariant derivative of a spinor and its Dirac adjoint,
∇µψ := ∂µψ + ω˜µψ,
∇µψ¯ = ∇µψ ≡ ∂µψ¯ − ψ¯ω˜µ.
On making use of (2.4) we can now readily evaluate the Lie derivatives, with respect to a
Spin(1, 3)e-invariant vector field Ξ on Σ, of a spin-tetrad, a spin-connection, a spinor and its
Dirac adjoint, which will locally read
£Ξθ
a
µ = ξ
ν∂νθ
a
µ + ∂µξ
νθaν − Ξ
a
bθ
b
µ, (4.3a)
£Ξω
a
bµ = ξ
ν∂νω
a
bµ + ∂µξ
νωabν + ω
a
cµΞ
c
b − ω
c
bµΞ
a
c + ∂µΞ
a
b, (4.3b)
£Ξψ = ξ
ν∂νψ +
1
4Ξ
abγabψ, (4.3c)
£Ξψ¯ = £Ξψ ≡ ξ
ν∂νψ¯ −
1
4Ξ
abψ¯γab, (4.3d)
respectively, (ξµ,Ξac =: Ξ
abηbc) denoting the components of the SO(1, 3)
e-invariant vector field
ΞΛ˜ induced by Ξ.
5 Einstein (-Cartan) -Dirac theory
Throughout this section we shall use Cartan’s language of vector (bundle)-valued differential forms
(on M), which will prove to be an elegant and compact way to express our findings. To this end,
let Σρˆ := Σ×ρˆ R
4 denote the vector bundle associated with Σ via the action
ρˆ : Spin(1, 3)e × R4 → R4, (S, u) 7→ Λ(S) ◦ u.
4Here and in the sequel, so(1, 3) is understood to be represented on the Lie algebra of 4 × 4 real matrices by
means of its “fundamental representation”, i.e. its lowest dimensional faithful (linear) representation.
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Then, a spin-tetrad can be equivalently regarded as a Σρˆ-valued 1-form on M locally reading
θ := θa ⊗ fa, θ
a := θaµ dx
µ, (5.1)
(fa) denoting a local fibre basis of Σρˆ. Furthermore, let gl(Σρˆ) denote the vector bundle over M
given by the value at Σρˆ of the canonical extension of the functor gl to the category of vector
bundles and their homomorphisms (see [28, §6.7]). Finally, if (ωabµ) are the components of a
spin-connection in some local chart, it is convenient to introduce the notation
ωab := ω
a
bµ dx
µ.
5.1 Riemann-Cartan geometry on spin manifolds
Now, let ‘∇’ be the covariant derivative operator with respect to the connection on T pqM naturally
induced by a linear connection Γ on LM , T pqM denoting the (p, q)-tensor bundle over M . Clas-
sically, Riemann-Cartan geometry is characterized by two conditions: the covariant constancy of
the metric,
∇g = 0, (5.2)
just as in ordinary Riemannian geometry, and the presence of a (not necessarily zero) torsion
tensor τ such that
τ(ξ, ξ′) = ∇ξξ
′ −∇ξ′ξ − [ξ, ξ
′]
for any two vector fields ξ and ξ′ on M .
In the present gauge-natural setting we can introduce analogous concepts serving a similar
purpose. In particular, if θ is a spin-tetrad in the sense of Definition 4.2 and g is the metric
induced by θ via (4.1), equation (5.2) can be derived by the condition
∇θ = 0, (5.3)
where, here, ‘∇’ denotes the covariant derivative operator with respect to the connection on Σρ
canonically induced by the connections Γ and ω˜ on LM and Σ, respectively (see also §5.2.1).
Accordingly, we can define a torsion 2-form as the Σρˆ-valued 2-form, which we shall denote again
by τ , given by the expression
τ := Dθ
or, equivalently,
τ := τa ⊗ fa, τ
a := Dθa ≡ dθa + ωab ∧ θ
b, (5.4)
‘D’ denoting the “covariant exterior derivative” operator [28, §11.13 et seq.] and θ being as in (5.1).
Moreover, we can define a contortion 1-form as the gl(Σρˆ)-valued 1-form measuring the deviation
of the spin-connection ω from the Riemannian (or “Levi-Civita”) spin-connection θω [see (5.6)
below]:
K := (ωab −
θωab)⊗ Fa
b,
(Fa
b) denoting a local fibre basis of gl(Σρˆ). The components of the associated tensor field then
read
Kabc = −
1
2
(τabc + τbca − τcab), (5.5)
(τade =: τ
abcηbdηce) denoting the components of the tensor associated to the torsion 2-form.
Finally, note that a curvature 2-form associated with ω may be defined as the gl(Σρˆ)-valued
2-form
Ω := Ωab ⊗ Fa
b, Ωab := dω
a
b + ω
a
c ∧ ω
c
b,
and that the components of the Riemannian spin-connection θω read (cf. [6])
θωabµ = θ
bν∂[νθ
a
µ] + θ
aρθcµθ
bν∂[νθ
c
ρ] + θ
aν∂[µθ
b
ν] ≡
θω[ab]µ, (5.6)
Latin and Greek indices being lowered or raised by η and g, respectively, or their inverses.
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We are now in a position to apply the theory of conserved quantities developed in §3 to the
Einstein (-Cartan) -Dirac theory. We shall do so separately for the Einstein-Cartan-Dirac case
and the Einstein-Dirac one. Calculations will be “formal”, unless otherwise stated, i.e. they will
involve local coordinates, rather than sections, of the bundles under consideration. For the sake of
simplicity, we shall nevertheless use the names of the corresponding sections. With a slight abuse
of notation, we shall also use the symbols ‘∇’ and ‘D’ for their formal counterparts, defined in the
usual manner (cf., e.g., Definition 2.10).
5.2 Einstein-Cartan-Dirac theory
Our main reference for the Einstein-Cartan-Dirac theory is [6].
In the light of the new geometric framework developed in §4, the Einstein-Cartan Lagrangian
can be defined as the base-preserving morphism
LEC : Σρ ×M J
1Σℓ →
∧4
T ∗M, LEC(θ, j
1ω) := −
1
2κ
Ωab ∧ Σ
ab,
where κ := 8πG/c4, Σab := eb (ea Σ) and Σ is the standard volume form on M locally given
by det‖θ‖ dx0 ∧ · · · ∧ dx3. Here ‖θ‖ stands for the matrix of the components of θ and we have set
ea := ea
µ∂µ, ‖ea
µ‖ denoting the inverse of ‖θ‖. The Dirac Lagrangian reads instead
LD : Σρ ×M Σℓ ×M J
1Σγˆ →
∧4
T ∗M, LD(θ, ω, j
1ψ) :=
[
iα
2
(ψ¯γa∇aψ −∇aψ¯γ
aψ)−mψ¯ψ
]
Σ,
where α := ℏc. According to the principle of minimal coupling, the total Lagrangian of the theory
will be simply assumed to be L := LEC + LD. A vertical vector field on the configuration bundle
will then read
Υ = δθaµ
∂
∂θaµ
+ δωabµ
∂
∂ωabµ
+ δωabµ,ν
∂
∂ωabµ,ν
+ δψA
∂
∂ψA
+ δψAµ
∂
∂ψAµ
,
where (θaµ), (ω
a
bµ, ω
a
bµ,ν) and (ψ
A, ψAµ) denote fibre coordinates on Σρ, J
1Σℓ and J
1Σγˆ , respec-
tively. If we set locally
δθa := δθaµ dx
µ, δωab := δω
a
bµ dx
µ,
δψ := δψA fA, δψ¯ := δψ,
(fA) denoting a local fibre basis of Σγˆ , then the first variation formula for L is
δL =
(
− 1κG
a
b + T
a
b
)
Σa ∧ δθ
b +
(
1
2κDΣab − Sab
cΣc
)
∧ δωab
+ dH
[
− 12κΣab ∧ δω
ab − iα2 (δψ¯γ
aψ − ψ¯γaδψ)Σa
]
+ α[δψ¯ E(LD) + E¯(LD) δψ]Σ, (5.7)
where G denotes the Einstein tensor associated with Ω, Σa := ea Σ and we set
T ab := Θ
a
b −
α
2 [ψ¯ E
′(LD) + E¯
′(LD)ψ]δ
a
b, Θ
a
b :=
iα
2 (ψ¯γ
a∇bψ −∇bψ¯γ
aψ),
E
′(LD) := iγ
a∇aψ −mψ, E¯
′(LD) := E′(LD) ≡ −(i∇aψ¯γ
a +mψ¯),
E(LD) := E
′(LD)−
i
2K
a
baγ
bψ, E¯(LD) := E(LD) ≡ E¯
′(LD) +
i
2K
a
baψ¯γ
b,
Sabc := − iα8 ψ¯(γ
abγc + γcγab)ψ ≡ − iα4 ψ¯γ
abcψ ≡ S[abc],
identity (1.2) having been used in the last but one equality. Thus, the Einstein-Cartan-Dirac
equations are
Gab ≈ κTab,
DΣab ≈ 2κSab
cΣc,
iγa∇aψ −mψ −
i
2K
a
baγ
bψ ≈ 0.
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The first two equations are called the first and the second Einstein-Cartan (-Dirac) equation,
respectively, whereas the last one is known as the (Cartan-) Dirac equation. T is the energy-
momentum tensor of the theory, and S the spin momentum tensor. Now, making use of (5.4), the
second Einstein-Cartan equation can be put into the form
τc ∧ Σabc ≈ 2κSab
cΣc
or equivalently
τabc ≈ 2κSabc, (5.8)
which in turn implies that the torsion tensor is completely antisymmetric on shell. Therefore, so
is the contortion tensor. Indeed, from (5.5) and (5.8)
Kabc ≈ −
1
2
τabc ≈ −κSabc.
Hence, the Dirac equation reduces to E′(LD) ≈ 0, which implies Tab ≈ Θab. To sum up, the above
system of equations is completely equivalent to the following
Gab ≈ κΘab,
τabc ≈ 2κSabc,
iγa∇aψ −mψ ≈ 0.
Comparison between (3.2) and (3.6) tells us that we can read off the Noether current associated
with L from its first variation (5.7):
E(L,Ξ) = −ξ L−
1
2κ
Σab ∧£Ξω
ab −
iα
2
(£Ξψ¯γ
aψ − ψ¯γa£Ξψ)Σa.
After some manipulation, which makes use (inter alia) of the fact that the (formal) Lie deriva-
tive (4.3b) of ω can be put into the form
£Ξω
a
b = ξ Ω
a
b +DΞˇ
a
b, (5.9)
(Ξˇab := Ξ
a
b+ω
a
bµξ
µ) being the components of the vertical part of ΞΛ˜ with respect to ω, and that
GabΣa ≡ −1/2Ω
ac ∧ (eb Σac), E(L,Ξ) can be recast as
E(L,Ξ) = ξb
(
−
1
κ
Gab + T
a
b
)
Σa + Ξˇ
ab
(
1
2κ
DΣab − Sab
cΣc
)
+ dH
(
−
1
2κ
ΞˇabΣab
)
,
so that the superpotential associated with L turns out to be
U(L,Ξ) := −
1
2κ
ΞˇabΣab, (5.10)
a result which appeared in [22] for the first time. Therefore, the Dirac Lagrangian does not seem
to contribute to the total superpotential. From this fact one might mistakenly conclude that the
Dirac fields do not contribute to the total conserved quantities. This conclusion would be wrong
because, although the Dirac Lagrangian does not contribute directly to the superpotential, in
order to obtain the corresponding conserved quantities, one needs integrate the superpotential on
a solution, which in turn depends on the Dirac Lagrangian via its energy-momentum tensor and
the second Einstein-Cartan equation.
Note that in the case of the “Kosmann lift” [11] (see also [20]) we have
Ξˇab = (ξˇK)
ab ≡ −∇˜[aξb], (5.11)
‘∇˜’ denoting the covariant derivative with respect to the transposed connection. Substituting
(5.11) into (5.10) gives a half of the well-known “Komar potential” [29], in accordance with the
result originally found by Kijowski [26] (see also [16]) in a purely natural context. This is also the
lift implicitly used in [12, 21].
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5.2.1 Natural approach
Suppose for a moment that we deliberately neglected the gauge-natural nature of the Einstein-
Cartan-Dirac theory. This means that we shall temporarily regard the Einstein-Cartan Lagrangian
as a purely natural Lagrangian, i.e. a first order Lagrangian on a (purely) natural bundle. In par-
ticular, the spin-connection ω will be replaced by a linear connection Γ, i.e. a principal connection
on LM , the latter regarded as a natural bundle over M (cf. Remark 2.2). As such, Γ is a natural
object, whose components (Γρνµ) are related, because of (5.3), to the components (ω
a
bµ) of ω via
the familiar formula5
ωabµ = θ
a
ρ(∂µeb
ρ + Γρνµeb
ν), (5.12)
where antisymmetrization in {a, b} is understood on the right-hand side of (5.12). Note that
we cannot regard the Dirac Lagrangian itself as a natural Lagrangian because spinors cannot be
suitably replaced by any (physically equivalent) natural objects: this is precisely why we went
for a gauge-natural formulation in the first place, and why we expect to encounter some sort of
restrictions now.
The local expression for the Lie derivative of Γ reads
£ξΓ
ρ
νµ := £ΞΓ
ρ
νµ = R
ρ
νσµξ
σ +∇µ∇˜νξ
ρ, (5.13)
a formula that has been known for a long time (cf., e.g., [40, 48]) and can be evaluated directly
from (2.4) or, equivalently, starting from (5.9) and then using (5.12) and (4.3a). Thus, the Noether
current is now of the form
E(L,Ξ) = −ξ L−
1
2κ
Σab ∧£ξΓ
ab −
iα
2
(£Ξψ¯γ
aψ − ψ¯γa£Ξψ)Σa, (5.14)
where we set
£ξΓ
ab := (£ξΓ
ρ
νµ)θ
a
ρθ
bν dxµ.
The important point to note here is that, although (Γρνµ) may be regarded as the components of ω
in a holonomic basis, (£ξΓ
ρ
νµ) are not, in general, the components of £Ξω in the corresponding
basis. Accordingly, the second term on the right-hand side of identity (5.14) cannot be claimed
to be the most general expression for 〈f(LEC),£Ξω〉, but naturality must indeed be assumed. In
fact, if we now proceeded in the same way as before, we would then find that consistency with
the second Einstein-Cartan equation requires Ξˇab = −∇˜[aξb], i.e. precisely the Kosmann lift, and
thus we would recover the purely natural result, as expected.
5.3 Einstein-Dirac theory
Our main reference for the Einstein-Dirac theory is [31]. The procedure for obtaining the conserved
quantities is completely analogous to the Einstein-Cartan-Dirac case; therefore, we shall limit
ourselves to present the results and briefly comment on them, pointing out the possible differences.
In the sequel, the symbol ‘|K=0’ affixed to a quantity shall mean that the latter is formally identical
with the quantity denoted by the same letter in §5.2, but with all (explicit or implicit) occurrences
of ω replaced by θω.
Then, the Einstein-Hilbert Lagrangian is nothing but
LEH : J
2Σρ →
∧4T ∗M, LEH(j2θ) := LEC|K=0,
whereas the Dirac Lagrangian is regarded here as the base-preserving morphism
θ
LD : J
1Σρ ×M J
1Σγˆ →
∧4
T ∗M, θLD(j
1θ, j1ψ) := LD|K=0.
5Note that formula (5.12) is formally identical—not surprisingly—with the usual expression for the components
of the pull-back of Γ on M in an (anholonomic) orthonormal basis. Note also that, for Γρνµ, we use a different
subscript ordering from [27].
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Again, the total Lagrangian of the theory will simply be θL := LEH +
θ
LD, its variation reading
δ θL =
(
− 1κ
θGab +
θT ab
)
Σa ∧ δθ
b
+ dH
[
− 12κΣab ∧ δ
θωab + 12S
ab
cΣab ∧ δθ
c − iα2 (δψ¯γ
aψ − ψ¯γaδψ)Σa
]
+ α[δψ¯ E(θLD) + E¯(
θ
LD) δψ]Σ,
where
θT ab := T
a
b|K=0 +
θ∇cS
a
b
c (5.15)
≡ θΘab + b¯
a
b E(
θ
LD) + E¯(
θ
LD) b
a
b, (5.16)
θΘab :=
1
2 (Θ
a
b +Θb
a)K=0 ≡
θΘb
a,
bab :=
α
4 (γ
a
b − 2δ
a
b)ψ, b¯
a
b := b
a
b ≡ −
α
4 ψ¯(γ
a
b + 2δ
a
b),
E(θLD) := E
′(LD)|K=0, E¯(
θ
LD) := E(
θ
LD) ≡ E¯
′(LD)|K=0.
Thus, the Einstein-Dirac equations are
θGab ≈ κ
θΘab,
iγa θ∇aψ −mψ ≈ 0.
Note that, although the invariance of the Dirac Lagrangian with respect to Lorentz transformations
requires θT ab to be symmetric on shell [47, 6], the manipulation required for going from (5.15)
to (5.16) is highly non-trivial: the interested reader is referred to [31] for an elegant proof.
Following the same procedure as before, we find that the Noether current associated with θL
is
E(θL,Ξ) = −ξ θL− 12κΣab ∧£Ξ
θωab + 12S
ab
cΣab ∧£Ξθ
c − iα2 (£Ξψ¯γ
aψ − ψ¯γa£Ξψ)Σa
= ξb
(
− 1κ
θGab +
θT ab
)
Σa + dH
(
− 12κ Ξˇ
abΣab +
1
2ξ
cSabcΣab
)
,
so that the superpotential associated with θL is recognized to be
U(θL,Ξ) := −
1
2κ
ΞˇabΣab +
1
2
ξcSabcΣab, (5.17)
and we note that, unlike the Einstein-Cartan-Dirac case, the Dirac Lagrangian enters the superpo-
tential directly, but recall that we have no second Einstein-Cartan equation here. Note also that
the “vertical contribution” (i.e. all terms in Ξˇab) coming from the Dirac Lagrangian consistently
vanishes off shell. For the same reason, no inconsistency of the type of §5.2.1 can arise here. This
fact, though, by no means disproves the gauge-naturality of the theory, which is well-motivated
on both physical and mathematical grounds.
5.4 The indeterminacy
Both (5.10) and (5.17) reveal that, in this gauge-natural formulation of gravity coupled with Dirac
fields, the superpotential is essentially indeterminate because no condition can be imposed a priori
on the vertical part of Ξ. Therefore, we can state our main result as follows.
Theorem 5.1. Any conserved charge associated with the gravitational field is intrinsically inde-
terminate.
Note that, because of (3.12), this indeterminacy does not depend on the particular Lagrangians
chosen: for this reason and the functorial nature of this indeterminacy we have called it “intrinsic”.
This important result can be regarded either as a limit for the theory or as an additional flexibility
(cf. [22]). In any case, it cannot be overlooked.
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From a physical point of view, it might be disturbing to think, that, when the spinorial contri-
bution is removed, the (gravitational part of the) theory should automatically revert to its purely
natural counterpart, thereby reproducing the well-known (non-indeterminate6) results. This could
mean either that some justification has to be found to impose the Kosmann lift by hand or, con-
versely, as we believe, that a gauge-natural formulation is the appropriate one for gravity for the
very reason that it is the most general one7, irrespectively of the nature of the theory it is possibly
coupled with.
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